We consider the inelastic scattering of two photons from two qubits separated by an arbitrary distance R and coupled to a one-dimensional transmission line. We present an exact, analytical solution to the problem, and use it to explore a particular configuration of qubits which is transparent to single-photon scattering, thus highlighting non-Markovian effects of inelastic two-photon scattering: Strong two-photon interference and momentum dependent photon (anti-)bunching. This latter effect can be seen as an inelastic generalization of the Hong-Ou-Mandel effect.
Introduction.-Efficient manipulation of states of photons is a necessary ingredient for the development of quantum networks [1] , which have a great potential for applications in quantum information and communications. Scattering of microwave photons in onedimensional transmission lines coupled to superconducting qubits [2] is one of the natural tools to achieve this goal in the framework of the waveguide QED. Recent experiments [3] on the scattering of microwave photons have demonstrated the fundamental possibility to achieve a long-range photon-mediated interaction between qubits. The reciprocal effect -emergence of an effective interaction between photons -manifests itself in the inelastic component of the resonance fluorescence power spectrum [4, 5] .
The scattering problem of an arbitrary multiphoton state from an arbitrary local scatterer is known to have an explicit analytic solution [2, 6] . However, for the purposes of quantum networking one requires more than one qubit, ideally, a distributed array of qubits. The single-photon -elastic -scattering from several qubits is theoretically studied either by the application of the transfer matrix method [7, 8] or by a direct solution of the Schrödinger equation [9] . Most studies (see, e.g., [10] ) of the inelastic scattering of two or more photons use the seminal approach of Lehmberg [11] which is based on the Markov approximation. It breaks down for a rather large qubit separation, R v g /Γ, where Γ is a qubit's relaxation rate and v g is the group velocity of photons. An infinite continuum array of quantum scatterers can be used to model a nonlinear medium, and this inelastic scattering problem has been solved in the adiabatic approximation leading to the nonlinear Schrödinger equation [12] . An earlier take on the inelastic scattering from several scatterers used the elastic approximation [13] .
The Lippmann-Schwinger equation for the two-photon scattering from two distant qubits has recently been solved numerically and used to study the regime R ∼ v g /Γ, where non-Markovian effects start to appear [14] .
In this Letter we present an exact analytic solution to the two-photon, two-qubit, scattering problem. By virtue of our analytical approach we can study arbitrary system parameters and photon energies, analyze limiting cases, and specify relaxation rates. We apply our method to the scattering of two counter-propagating photons from a configuration of distant (R v g /Γ) qubits, which is fully transparent to single-photon scattering. Therefore, this configuration allows us to focus solely on inelastic two-photon scattering in the non-Markovian regime.
We find that the probability density for the momentum exchange of the photons exhibits a strong interference pattern, and that its envelope is peaked at different positions for photons scattering to the same and opposite directions. This is essentially an inelastic counterpart to the Hong-Ou-Mandel effect -destructive interference of photons scattering in opposite directions [15] . We also find that the two-photon correlation function exhibits photon (anti)bunching at times which are integer multiples of R/v g .
Model.
-Our model consists of two qubits separated by a distance R coupled to photons with a linear dispersion. Coupling to the individual qubits is energy independent, but the coupling to the combined scatterer becomes effectively energy dependent. This leads to non-Markovian effects, going beyond the approaches of Refs. [2, 6] dealing only with local scatterers. Introducing the operators for right-, a 1k = a R,k , and left-moving photons, a 2k = a L,−k , our Hamiltonian reads H = H 0 +v, where the free part (in units where = v g = 1)
consists of the photon H 0p and qubit H 0q parts, and the interaction is given by v = α=1,2 dkv αk a † αk + h.c. ≡ v s a † s + h.c., where s = {αk} is a collective index combining the channel index α and mode k, and summation over repeated indices is implied. The bare single-photon vertex
describes the dipole interaction in the rotating wave approximation (RWA) between the one-dimensional field and the two qubits placed at positions x 1 = +R/2 and x 2 = −R/2 with coupling constants g 1,2 ≡ Γ 1,2 /π.
Here ϕ = k 0 R, k 0 is the spectrum linearization point, and c α(β) = (−1) α(β)+1 [17] . Scattering formalism.-The scattering matrix [16] ,
in terms of the so-called T -matrix
which is projected on-shell E = E i = E f ; here E i/f is the energy of the initial/final state of the entire system. The infinitesimal parameter η > 0 regulates the adiabatic switching on/off of the coupling between the field and the qubits. The energy conservation in the absence of losses to external degrees of freedom (which can be made small in experiments [5] ) is enforced in the scattering matrix by the delta-function. Given the initial state |Ψ i , the scattering matrix prescribes which final state |Ψ f = S|Ψ i is established in the stationary limit t → ∞. To find |Ψ f , it suffices to evaluate the T -matrix, which has the following properties [6] .
First, nonzero matrix elements of the T -matrix belong to the subset of the qubit states with zero relaxation rate (dark states). For the model (1),(2), like for many models based on the RWA, this state is unique and corresponds to the initial deexcitation of all qubits.
Second, the T -matrix can be represented as a sum
. . a s1 , each acting in the corresponding N -photon Hilbert space.
Third, the rightmost (leftmost) vertex in (3) does not have to be additionally normal-ordered. In fact, if we start from (want to end up with) a state of two deexcited qubits, then in the first (last) step we have to excite (deexcite) one of the qubits. This corresponds to the appearance of only v † 
−1 onto the one-excitation subspace,
, c, c = ± ; Σ(E) being the qubit self-energy; and W s 2 s2 (E) the effective twophoton vertex. We have also taken into account the onshell projection E = k 1 + k 2 = k 1 + k 2 , which fixes the arguments of the Green's functions in T (2) , and implicitly assumed the projection T (1,2) → P −− T (1,2) P −− . Summarizing these observations we find the following representation for the one-and two-photon scattering matrices
Exact solution.-The two yet unknown objects in (4) and (5) are M (E) and W s 2 s2 (E). It turns out that in our model they can be found in an explicit analytic form.
Suppose we have excited one of the qubits by the rightmost bare vertex and thereby created one excitation in the system. The next options are either to excite the second qubit (1 → 2) or to deexcite the already excited one (1 → 0). An irreducible scattering process corresponds to the alternation of the singly excited and the deexcited states 1 → 0 → 1 → . . . → 1. This chain of transitions may have an arbitrary length. Resumming all corresponding diagrams (see Fig. 1 ), we obtain the irreducible contribution W (i) s s to W s s (E). It obeys the following integral equation
s1s (E), (6) where the two-photon vertex w 
The effective verticesV † s (E) and V s (E) appearing in this expression are obtained by dressing the bare singlephoton vertices v † s and v s with the vertex corrections
which are again expressed via the irreducible two-photon vertex
† . The qubit self-energy is given by where the part containing W (i) contributes only to Σ ++ = P ++ Σ(E)P ++ ; see the discussion of the reducible processes above. In turn, the first term in (10) contributes both to the one-excitation sector
+ )], and to Σ ++ with the constant term −2i(
We see that the number of classes of diagrams contributing to T (2) (E) is finite, and that a full resummation within each class can be performed. This is a direct consequence of the finiteness of the Hilbert space of the qubits and the number of photons, and of the conservation of the number of excitations in RWA. The closed set of equations necessary for the complete solution of the two-photon scattering problem is summarized in Fig. 1 . Equation (6) plays a central role in the problem, since the knowledge of W (i) allows us to find all the other objects involved. It admits an explicit analytic solution. In particular, decomposing
into a sum of the Markovian w α α (x , x; E) are defined for 0 ≤ x , x ≤ R, and may have jumps of the derivatives (up to the third order) along the lines x = x and x + x = R. Away from these lines, F δ δ α α (x , x; E) is given by a sum of terms ∝ e ipj (E)x +ip l (E)x over j, l = 1 . . . 4. The parameters p j = p j (E) include the renormalized, energy-dependent transition frequencies ∼ Re p j (E) and relaxation rates ∼ |Im p j (E)|, and are given by [17] .
Single-photon scattering.-This result is independent of W (i) s s and follows straightforwardly from Σ M (E) quoted above. We recover the familiar expressions [8] for 
Two-photon scattering.-In order to discuss effects of the emerging effective interaction between photons, we explicitly separate the elastic S (2) el and the inelastic S (2) inel contributions of the two-photon scattering matrix (5) . To this end, we define the delta-part w (δ)
and the principal part w (P)
is obtained by combining the terms independent of W with w (δ) contained in W , and the inelastic term receives the remain-
. Using the set of equations depicted in Fig. 1 one can prove the unitarity of the scattering matrix (5) [17] .
Markov approximation and non-Markovian effects.
If the qubits are situated sufficiently close to each other, Γ 1,2 R 1, the approach of Lehmberg [11] becomes valid. This approach has been recently applied [10] for the theoretical description of an actual experiment [3] . It has also been recognized that Lehmberg's approximation coincides with the Markov approximation in the master equation treatment of the problem [10, 14] .
In the present framework, Markovian and nonMarkovian contributions can be readily distinguished from each other. Noticing that p j ∼ Γ 1,2 and
2 ) for small R, we can neglect in this regime all contributions containing
Inspecting the diagrams surviving after this replacement, we establish that Markov approximation is equivalent to the non-crossing approximation (NCA) which neglects all vertex corrections.
Non-Markovian effects are neither present in the singlephoton scattering nor in the elastic part of the twophoton scattering (because of their independence of
. They also vanish, if either of the couplings g 1,2 becomes zero. Thus, non-Markovian effects are only present in the inelastic part of the two-photon scattering, and require at least two qubits. For this reason, we conclude that they originate from the interference of the two-photon states.
Results.-With our exact solution we can study the two-photon scattering in the whole parameter space. We consider the scattering of two counter-propagating photons at equal momenta k 0 from two qubits: One qubit is detuned from resonance to a lower frequency, −Ω, whereas the other qubit is detuned to a higher frequency, Ω [see Fig. 2(a) ]. The coupling strengths are given by Γ 1,2 = Ω/2, and k 0 R = n · 2π, n ∈ Z. This corresponds to full transparency for single-photon scattering, as can be seen by using the equations for S (1) presented above.
For practical purposes, it is convenient to choose the linearization point k 0 = E/2 for given E, and to define the energy differences ∆ = k − (−k) = 2k and ∆ = k − (−k ) = 2k of the initial and final states of photons, respectively. We also note that we can reproduce the results of Ref. [14] in the regime studied there.
The probability density for the scattering in the same or opposite directions is shown in Fig. 2(b) . Both probability densities exhibit an interference pattern characteristic of a sinc-function: The envelope has a width of Γ and it is filled with spikes broadened by ∼ 1/R. The apperance of this interference pattern is only possible if ΓR > 1; it is essentially a non-Markovian effect. In the ultimate limit R → ∞, the spikes become delta-peaked and dense, but the envelope vanishes, removing all inelastic effects. For finite R, the probability density to scatter in opposite directions dominates for ∆ /2 < Ω whereas for ∆ /2 > Ω photons tend to scatter in the same direction.
As the second qubit is gradually decoupled from the photons, the interference pattern weakens and ultimately vanishes. This can be seen in Fig. 2(c) . Simultaneously, the overall probability for the photons to scatter in the same direction decreases.
The second order correlation function, g
is an experimentally accessible quantity. It is shown in Fig. 3 . For t being an even multiple of R/v g we find strong bunching of photons scattering to the same direction, whereas for odd multiples photons exhibit antibunching when scattering to opposite directions. This can be understood as photons making multiple round-trips between the qubits, and the antibunching as an inelastic counterpart of the Hong-Ou-Mandel effect.
Summary.-We have presented an exact analytical solution to the problem of two-photon scattering from two distant qubits based on a full resummation of diagrams. We expect that the problem of N photons scattering from two qubits can be solved exactly in terms of the two-photon vertex W , since simultaneous absorption of three or more photons is not possible (i.e., no emergence of irreducible three-or more-photon vertices). We also conjecture that the problem of M photons scattering from M qubits is solved exactly by the 2(M − 1)-crossing Fig. 2(b) .
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approximation, by generalizing our approach. We have also explored the inelastic effects in the scattering from a particular two-qubit configuration, and found prominent signatures of two-photon interference, reminiscent of the Hong-Ou-Mandel effect.
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I. DERIVATION OF THE HAMILTONIAN
We consider the following model
where (k 0 , ω 0 ) and (−k 0 , ω 0 ) are the linearization points of the right-moving (R) and left-moving (L) branches of the photon spectrum. For convenience, we count the states of photons starting from these points. The qubits' transition frequencies ω 1,2 are commensurate with ω 0 . Performing the gauge transformation
we eliminate the large energy scales ω 1,2 and ω 0 , and obtain the low-energy Hamiltonian
where Ω 1,2 = ω 1,2 − ω 0 . We note that the interaction v remains intact under the transformation (S3), since [v, U ] = 0. Next, we shift the integration variable k → k + k 0 (k → k − k 0 ) for the right-(left-)movers, and define the two modes a 1k = a Rk and a 2k = a L,−k . Then, assuming an infinite range of integration, we obtain the Hamiltonian
where c 1 = 1, c 2 = −1, and the dependence on k 0 appears only through the phase ϕ = k 0 R.
II. DETAILS OF THE SOLUTION A. Parameterization of the effective two-photon vertex W (i) s s
Introducing the bare vertex
where s = {α, k} is the multi-index including the channel index α, we represent the interaction term (S6) as
From here on we assume the convolution (the summation and the integration) over repeated indices, unless explicitly stated otherwise.
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We also introduce another set of field operators
where r = {β, k} is the multi-index including the qubit's index β. Note a r and a † r do not obey the standard bosonic commutation relations, since the matrix t rs is not unitary. In the basis (S9) the interaction (S6) reads
where
+ , and v † s = t rs v † r . Analogously, we have the two representations for the effective oneand two-photon vertices
with the following transformation laws
In particular, using the last one we establish
We rewrite the equation for the irreducible two-photon vertex
s1s in the new basis (S9)
Here
is the projection of the qubits' Green's function onto the one-excitation subspace, and Ω 1,2 = Ω 1,2 − 2iΓ 1,2 . Next, we note that all multiplicands in (S18) and (S19) depending on the integration variable k 1 (k 1 ) are analytic in the lower complex half-plane of this variable, which is inferred from (S16) and (S20). Then, in order to get a finite contribution from the integration over k 1 , it is necessary to prohibit the closure of the integration contour in this half-plane. Considering the factor
we see that this is only possible if c β1 = −c β 1 , or β 1 =β 1 , whereβ = (β + 1) mod 2. In this case we acquire the factor e +ik1R+iϕ under the integral over k 1 in (S18) and (S19). This is, however, insufficient for the off-diagonal part of M (E −k 1 ), which contains itself the factor e i(E−k1)R+iϕ , canceling the exponential dependence on k 1 in the numerator of the integrand and thus annihilating the off-diagonal contribution. As for the diagonal part of M (E − k 1 ), we notice that
for an arbitrary function h(k 1 ), which is analytic in the lower half-plane and does not grow there faster than e ik1R . Since in practice we always have h ∼ e 0 , we can therefore replace in (S18) and (S19)
Thus, introducingr 1 = {β 1 , k 1 } we cast (S18) and (S19) to
Let us now define the kernels
which are related to each other byM k τ
r rM k (no integration over k, k ); and represent
where W 
We also note the alternative representation of Eqs. (S28) and (S29)
r1r .
The crucial observations are that τ
r r ∼ δ β β in the photon basis, and that they both are diagonal and spanned by P +− and P −+ in the qubits' basis. This allows us to parameterize
and consequently
Thus, there are sixteen components T (a)1/2,± k k parameterizing the two-photon vertex W (i) r r . However, they are not independent but are related to each other by the operations of transposition T (i.e., k k → kk ) and exchange of the qubits' parameters I (i.e., Ω 1 ↔ Ω 2 ) as follows
To establish an explicit form of all these components, it is sufficient to solve an equation for one of them, e.g., T
(1)2+ k k . Inserting the parameterization (S36) into (S33) we obtain the equation
which is decoupled from the rest components. Here
(note that there is no integration over k).
The equation (S43) is an inhomogeneous Fredholm integral equation. It is the core equation in the paper, since it cannot be further reduced to a simpler form. Nevertheless, it allows for an explicit analytic solution, see the next section.
The other components T by means of the convolutions
following from (S30),(S31), and (S32), respectively. Additionally we quote the relations following from (S29) and (S31), which are necessary for computing T
The components T
appearing here as well as all the other remaining ones follow from the symmetry relations (S39)-(S42).
B. Solution of the integral equation (S43)
To solve (S43), we make the ansatz
Inserting it into (S43), we obtain the following integral equation for F (x , x) in the coordinate representation
and
Here we have introduced λ =
where ν =
. It is accompanied with the following boundary conditions
We solve (S59) by means of the ansatz
, are the roots of the characteristic equation
Inserting (S64) into (S59) we establish after a lengthy calculation the following form of the coefficients C jl :
We note that the matrix C jl is not symmetric, and the jumps of the derivatives of F (x , x) at x = x are encoded in finite ∆C 12 = C 12 − C 21 = 0 and ∆C 34 = C 34 − C 43 = 0. Performing the convolutions in Eqs. (S45)-(S47), we obtain
From the relations (S48),(S49) we establish
C. Explicit form of the effective one-photon vertices V s ,V † s , the self-energy Σ++, and the reducible two-photon vertex W
s1s (E) in the basis (S9) read
+ + f 
+ σ 
and f 
Finally, we present the components of the reducible two-photon vertex W (r) in the basis (S9)
+ σ
− , 
− ,
where g 
